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ABSTRACT
Strong lensing time delays can measure the Hubble constant H0 independent of any other probe. Assuming commonly used forms for
the radial mass density profile of the lenses, a 2% precision has been achieved with 7 Time-Delay Cosmography (TDCOSMO) lenses,
in tension with the H0 from the cosmic microwave background. However, without assumptions on the radial mass density profile – and
relying exclusively on stellar kinematics to break the mass-sheet degeneracy – the precision drops to 8% with the current data of the 7
TDCOSMO lenses, insufficient to resolve the H0 tension. With the addition of external information from 33 Sloan Lens ACS (SLACS)
lenses, the precision improves to 5%, if the deflectors of TDCOSMO and SLACS lenses are drawn from the same population. We
investigate the prospects to improve the precision of time-delay cosmography without relying on mass profile assumptions to break
the mass sheet degeneracy. Our forecasts are based on the hierarchical framework introduced by Birrer et al. (2020). With existing
samples and technology, 3.3% precision on H0 can be reached by adding spatially resolved kinematics of the 7 TDCOSMO lenses.
The precision improves to 2.5% with the further addition of kinematics for 50 non-time-delay lenses from SLACS and the Strong
Lensing Legacy Survey (SL2S). Expanding the samples to 40 time delay and 200 non-time delay lenses will improve the precision to
1.5% and 1.2%, respectively. Time-delay cosmography can reach sufficient precision to resolve the Hubble tension at 3-5σ, without
assumptions on the radial mass profile of lens galaxies. By obtaining this precision with and without external datasets, we will test the
consistency of the samples and enable further improvements based on even larger future samples of time delay and non-time-delay
lenses (e.g. from the Rubin, Euclid, and Roman Observatories).
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1. Introduction
Almost a century after its first measurement, the Hubble constant
H0 still remains arguably the most debated number in cosmol-
ogy. In the past few years, a tension has emerged between a num-
ber of local measurements, and inferences from early-Universe
probes such as the cosmic microwave background (CMB) and
Big Bang Nucleosynthesis, under the assumption of flat Λ cold
dark matter (ΛCDM) cosmology (see, e.g., Verde et al. 2019, for
a recent summary). If this tension is real, and not due to unknown
systematic uncertainties in one or multiple measurements, it im-
plies that the standard ΛCDM model is not sufficient and new
physical ingredients beyond this model are required. From a
theoretical standpoint, there is no "natural" explanation for the
tension although a number of possible solutions – for example,
involving early dark energy – have been proposed (e.g., Knox
& Millea 2020, and references therein). From an observational
standpoint, the attention has turned to the systematic investiga-
tion of unknown systematic uncertainties (e.g., Riess et al. 2019;
Freedman et al. 2020; Riess et al. 2020).
Strong lensing time delays (hereafter Time-Delay Cosmog-
raphy, Treu & Marshall 2016, and references therein) pro-
vide a one-step measurement of H0 that is independent of
any other probe and it is thus a powerful contribution to
this debate. By assuming standard forms for the mass den-
? E-mail: sibirrer@stanford.edu
sity profile of early-type galaxies – consistent with X-ray
(e.g., Humphrey & Buote 2010) and stellar kinematic obser-
vations (e.g., Cappellari 2016, and references therein) – the
H0LiCOW/COSMOGRAIL/STRIDES/SHARP (hereafter TD-
COSMO1) collaborations achieved 2% precision on H0 (Rusu
et al. 2020; Wong et al. 2020; Chen et al. 2019; Shajib et al.
2020; Millon et al. 2020), in excellent agreement with the local
distance ladder measurement by the SH0ES team (Riess et al.
2019) and more than 3σ statistical tension with early-Universe
probes (e.g., Aiola et al. 2020). In sum, if the mass density pro-
files are well described by a power-law or a constant mass-to-
light ratio plus a Navarro et al. (1997) dark matter halo2, the
tension is significant and new physics may be required.
Given the important implications of the tension, the TD-
COSMO collaboration is undergoing a systematic investigation
of possible systematic effects. Millon et al. (2020); Gilman et al.
(2020) did not find any systematic uncertainty sufficient to re-
solve the tension, if the two assumed forms of the mass den-
sity profile are valid. The attention thus turned to relaxing the
radial profile assumption. Birrer et al. (2020, hereafter TDCOS-
MOIV) addressed the issue in the most direct way, by choosing
a parametrization of the radial mass density profile that is max-
imally degenerate with H0, via the mass-sheet transform (MST,
Falco et al. 1985). With this more flexible parametrization, H0 is
1 www.tdcosmo.org
2 Imposing standard priors on the mass and concentration of the halo.
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only constrained by the measured time delays and stellar kine-
matics, increasing the uncertainty on H0 from 2% to 8% for the
TDCOSMO sample of 7 lenses, without changing the mean in-
ferred value significantly.
TDCOSMOIV introduce a hierarchical framework in which
external datasets can be combined with the time-delay lenses
to improve the precision. They achieved a 5% precision mea-
surement on H0 by combining the TDCOSMO lenses with stel-
lar kinematic measurements of a sample of lenses from the
Sloan Lens ACS (SLACS) survey with no time delay informa-
tion (Bolton et al. 2008; Auger et al. 2009). The mean of the
TDCOSMO+SLACS measurement is offset with respect to the
TDCOSMO-only value, in the direction of the CMB value, al-
though still statistically consistent given the uncertainties3. The
shift in the mean could be real or it could be due to an intrinsic
difference between the deflectors in the TDCOSMO and SLACS
samples, arising from selection effects. For example: the two
samples are well matched in stellar velocity dispersion, but they
differ in redshift; the TDCOSMO sample is source selected and
composed mostly of quadruply imaged quasars, while SLACS is
deflector selected and dominated by doubly imaged galaxies.
In this paper we outline a two-pronged strategy to improve
the precision of time-delay cosmography with increased flexi-
bility on the radial mass profile assumptions. We use the formal-
ism introduced by TDCOSMOIV to forecast the precision of H0
attainable by improving the kinematic data of the TDCOSMO
sample and by expanding and improving the kinematic data of
external datasets when drawn from the same underlying deflec-
tor galaxy population. We show that, by pursuing both avenues
on existing samples and with current technology, one can re-
cover most of the precision achieved through previous stronger
assumptions on the mass profile and at the same time test for in-
ternal consistency of the TDCOSMO and external datasets. This
dual strategy will also be beneficial in the longer term, when the
sample size of both time-delay and non-time-delay lenses will
expand by order of magnitudes, but the latter will always be a
subset of the former due to the observational cost of measuring
time delays.
This paper is organized as follows. In § 2 we summarize the
hierarchical framework and its assumptions, referring the reader
to TDCOSMOIV for details. In § 3 we describe the datasets used
for the forecast. In § 4 we present the forecasts. In § 5 we draw
our conclusions. Our conclusions are independent of the spe-
cific value of H0 chosen for the forecast. However, when neces-
sary for displaying purposes, we will adopt a "Swiss" value of
H0 = 70 km s−1Mpc−1and Ωm = 0.3. A standard flat ΛCDM
cosmology is assumed, with uniform prior of H0 in [0, 150] km
s−1Mpc−1and a tight prior on Ωm based on relative distance mea-
surements from type Ia supernovae with N(µ = 0.3, σ = 0.022)
(i.e. comparable to Scolnic et al. 2018). The code used for the
analysis presented in this work is available on GitHub4.
2. Summary of the hierarchical framework
2.1. Background
The mass-sheet transform (MST) leaves the relative imaging ob-
servables unchanged but scales the predicted time delays, posing
a fundamental limitation to the power of imaging data to con-
strain the radial mass profile of strong gravitational lenses, and
3 the TDCOSMOIV measurements are in statistical agreement with
each other and with the earlier H0LiCOW/SHARP/STRIDES measure-
ments based on radial mass profile assumptions.
4 https://github.com/sibirrer/TDCOSMO_forecast
in turn, H0. In terms of the convergence field, the MST describes
a re-scaling of a given lens mass profile at angular coordinate θ,
κ(θ), with a factor λ while simultaneously adding a sheet of mass
with constant convergence (1 − λ) as
κλ(θ) = λ × κ(θ) + (1 − λ) . (1)
The inferred H0 value from the measured time delays scales as
H0λ = λH0. (2)
Stellar kinematics of the deflector galaxy – a lensing-
independent mass tracer – can constrain the MST for a given
family of mass profiles. The constraints on λ depend on the pre-
cision of the stellar velocity dispersion (σP) measurement as
δλ
λ
= 2
δσP
σP
. (3)
Current uncertainties on the stellar velocity dispersion measure-
ments of order 5%-10% imply that the joint analysis of time-
delay and non-time-delay lens samples are required to constrain
λ.
A key component in the interpretation of the velocity disper-
sion measurement, and thus the inference of λ, is the anisotropy
distribution of the stellar orbits
βani ≡ 1 − σ
2
t
σ2r
, (4)
where σ2r and σ
2
t are the radial and tangential velocity disper-
sions, respectively.
2.2. Implementation of the hierarchical framework
We adopt the framework introduced by TDCOSMOIV. We give
here a brief summary for convenience referring to TDCOS-
MOIV for details, including parametrization and adopted priors.
The TDCOSMOIV framework drastically reduces the mass
profile assumptions on individual lenses with respect to previous
work, and quantifies any potential effect of the MST with the
MST parameter λ applied to a power-law radial mass density
profile that is maximally degenerate with H0. The approach is
similar to that of Birrer et al. (2016) who encoded the MST with
a source size regularization in the inference.
Stellar velocity dispersion is assumed to be isotropic in the
center and radial in the outer part, following the Osipkov (1979);
Merritt (1985) form
βani(r) =
r2
(aanireff)2 + r2
, (5)
where reff is the half-light radius of the deflector and aani is the
anisotropy scaling factor.
To account for covariances in the parameters and priors on
the MST and the stellar anisotropy, TDCOSMOIV introduced a
hierarchical framework to describe the MST parameter λ and the
anisotropy parameter aani at the lens population level, assuming
that the lenses are drawn from the same parent population.
The framework is validated on the Time-Delay Lens Mod-
eling Challenge Rung3 mock lenses generated from hydrody-
namical simulations (Ding et al. 2018, 2020). External data set
of gravitational lenses with kinematics and imaging constraints
can be incorporated under the assumption that the deflectors
are drawn from the same population as those of the time-delay
lenses. Both unresolved and spatially resolved velocity disper-
sion measurements can be used in this framework. The spatially
resolved measurements are particularly useful to constrain the
anisotropy of the stellar orbits.
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3. Future data sets
We envision parallel improvements in the quality of the data for
the time-delay lenses in the TDCOSMO samples (§ 3.1) and ex-
ternal datasets composed of non-time-delay lenses (§ 3.2). We
consider two cases: i) improvements that can be made with ex-
isting5 facilities and samples (current scenario); ii gains that can
be made with future samples and/or facilities (future scenario).
The scenarios are summarized in Table 1.
A clarification is needed for the spatially resolved kinemat-
ics. There is an uncertainty floor on the calibration of stellar ve-
locity dispersion due to systematic effects such as the match be-
tween stellar templates and target composite stellar populations
and knowledge of the instrumental properties. To account for
this floor, our stated precision is the overall uncertainty on the
mean of the stellar velocity dispersion across the target, while
the shape of the velocity dispersion profile is constrained taking
into account the covariance between spatial bins.
3.1. Time delay lenses
One limiting factor of the current TDCOSMO dataset is the
precision of the unresolved stellar velocity dispersion measure-
ments, which range between 5-10%. A first improvement is to
bring all the uncertainties to 5%, which has been demonstrated
to be feasible with ground based spectrographs given sufficient
quality data. This is the TDCOSMO-5% scenario.
An additional improvement consists in spatially resolved
stellar velocity dispersion of the TDCOSMO sample. Such data
can be obtained from the ground in the optical in seeing lim-
ited mode (e.g. with MUSE/VLT or KCWI/Keck; hereafter TD-
COSMO+OIFU), or in the infrared with adaptive optics correc-
tion (e.g. with OSIRIS/Keck; hereafter TDCOSMO+AOIFU).
JWST will enable a further improvement over ground based spa-
tially resolved kinematics owing to its superior stability and ab-
sence of emission and absorption from the Earth atmosphere
(hereafter TDCOSMO+JWST-IFU). In the future scenario we
expand the sample to 40 time-delay lenses and we assume we
can use 30-m class Extremely Large Telescopes (ELTs) with
adaptive optics (hereafter TDCOSMO+ELT-IFU). JWST data
for this future sample would give a similar precision on H0.
3.2. External datasets
There are currently three limiting factors to the external dataset
used in TDCOSMOIV: i) precision of aperture velocity disper-
sion measurements; ii) absolute calibration and sample size of
integral field data; iii) overall sample size. In the current sce-
nario, we consider two ways to overcome these limitations. First,
50 lenses, taken from the current SLACS and SL2S (Sonnen-
feld et al. 2013, 2015) samples, selected for data quality and to
match the TDCOSMO sample in velocity dispersion, with un-
resolved velocity dispersion measured with 5% precision (here-
after "+50"). Second, 50 lenses with spatially resolved veloc-
ity dispersion measured from seeing-limited integral field data
(within reach of current generation integral field spectrographs;
hereafter "+50IFU"). In the future scenario, we add 200 non-
time-delay lenses to the 40 time-delay lenses described above.
We stress that only time delays constrain H0 and therefore the
external datasets have to be used in combination with the time
5 We consider the James Webb Space Telescope (JWST) an existing
facility, since the call for proposals for cycle-1 is open.
delay lenses. Considering all the combinations, we are forecast-
ing a total of 24 scenarios (see Table 1).
3.3. Limitations
We make a few simplifications relative to TDCOSMOIV to facil-
itate the exploration of the information content of the data sets.
We assume that: (i) λ and aani are single-valued intrinsic distri-
butions without scatter; (ii) line-of-sight convergence (as a con-
tribution to λ) has zero average with a known spread of 2%; (iii)
all lenses have the same Einstein radius and half-light radius and
thus do not incorporate an additional parametrization to encom-
pass a potential trend in λ as a function of projected distance
from the center of the deflector. The first two assumptions do not
affect significantly our forecasts, considering that line-of-sight
effects are only a minor contribution to the error budget. A more
sophisticated representation of the third effect could in principle
improve the precision of the measurement based on unresolved
velocity dispersion, by providing some spatially resolved infor-
mation on the ensemble, given the dispersion in Einstein and
half-light radii for the real samples.
Our forecasts are robust to the details of the mock samples.
For completeness and repeatability we specify that we adopted
uniform priors on deflector and source redshift and typical val-
ues and measurement uncertainties for the Einstein radii, effec-
tive radii, and slope of the mass density profile prior to MST, as
detailed in the Jupyter Notebook6.
It is important to state some of the key simplifying assump-
tions of TDCOSMOIV: i) spherical case of the Jeans equation
for kinematic modeling; ii) no rotational support, i.e. no bulk ro-
tation of the lens. Most lenses are slow rotators (Barnabè et al.
2011) and therefore we expect the approximation to be valid to
first order (see, Yıldırım et al. 2020; Yildirim 2020, for forecasts
based on non-spherical kinematics). The integral field data pro-
posed in this paper would allow one to expand the hierarchical
framework to include departures from spherical symmetry and
pure pressure support, and mitigate this potential source of sys-
tematic uncertainty.
4. Forecasts
In examining the performance of our proposed strategies it is
worth using as a reference the 2% precision achieved under
the assumption of power-law or composite radial mass profiles
(Wong et al. 2020; Millon et al. 2020), and the 1% precision fore-
casted by Shajib et al. (2018) under the same assumption. This
is the precision floor for our forecast with the current and future
samples of time delay measurements and we show that the MST
can be controlled to get fairly close to this level.
In the TDCOSMO-only current scenario (Fig. 1), spatially
resolved kinematics enables a precision of 3.5% for JWST.
Ground based technology reaches approximately 4.7%, a sub-
stantial improvement over the 8.5% without IFU, limited fun-
damentally by the absolute precision that can be achieved on
the stellar velocity dispersion owing to instrumental effects (AO-
IFU) and contamination from QSO light (O-IFU).
In the TDCOSMO+external current scenario (Fig. 2), adding
only unresolved velocity dispersion does not improve the preci-
sion very much because of the mass-anisotropy degeneracy (e.g.,
Courteau et al. 2014, and references therein), and our assump-
tion that all the lenses have the same Einstein and effective radii.
However, adding IFU data breaks that degeneracy and recovers
6 https://github.com/sibirrer/TDCOSMO_forecast
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Table 1. Observing scenarios and forecasted H0 precision. We list the specifications for the different forecasts in terms of unresolved vs. resolved
velocity dispersion measurements, relative precision on the velocity dispersion per lens, δσ∗/σ∗, angular resolution of the spectroscopic observa-
tion, FWHM, the radius out to where spectral information is obtained relative to the half-light radius of the deflector, Rspec/Reff , and the number
of radial bins in the resolved measurements, Nbins. For the "current scenario", we list the percentage precision on H0 for the 7 TDCOSMO-only
lenses, δH0, when adding 50 lenses with aperture kinematics, +50 δH0, and when adding 50 lenses with IFU data, +50IFU δH0. For the "future
scenario", we assume 40 TDCOSMO lenses, and optionally 200 external lenses with and without IFU kinematics.
Current scenario resolution δσ∗/σ∗ FWHM Rspec/Reff Nbin δH0 +50 δH0 +50IFU δH0
7 TDCOSMO-5% unresolved 5% 0′′.8 - 1 8.5% 7.0% 2.7%
7 TDCOSMO+O-IFU resolved 5% 0′′.8 2 3 4.7% 2.9% 2.6%
7 TDCOSMO+AO-IFU resolved 5% 0′′.1 1 10 4.7% 3.0% 2.5%
7 TDCOSMO+JWST-IFU resolved 3% 0′′.1 2 10 3.5% 2.6% 2.6%
Future scenario +200 δH0 +200IFU δH0
40 TDCOSMO-5% unresolved 5% 0′′.8 - 1 7.3% 7.1% 1.2%
40 TDCOSMO+O-IFU resolved 5% 0′′.8 2 3 2.0% 1.3% 1.2%
40 TDCOSMO+AO-IFU resolved 5% 0′′.1 1 10 2.0% 1.4% 1.2%
40 TDCOSMO+ELT-IFU resolved 3% 0′′.02 3 30 1.5% 1.2% 1.2%
TDCOSMO-5%: H0 = 70.0+5.76.7 km s 1 Mpc 1
TDCOSMO+O-IFU (5%): H0 = 70.0+3.33.2 km s 1 Mpc 1
TDCOSMO+AO-IFU (5%): H0 = 70.0+3.33.1 km s 1 Mpc 1
TDCOSMO+JWST-IFU (3%):H0 = 70.0+2.52.4 km s 1 Mpc 1
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Fig. 1. Forecast precision on H0, the MST parameter λ and the
anisotropy parameter aani for different spectroscopic scenarios of the
7 TDCOSMO lenses (current scenario) as specified in Table 1 column
δH0. source
almost the same level of precision as making assumptions on the
radial mass profile (2.5-2.7% vs. 2%).
Note that all the combinations that have some IFU data and
at least unresolved velocity dispersion for the external dataset
achieve a precision better than 3%. (Table 1). In this mode, the
MST-related uncertainty on H0 is 1.6%, subdominant in regard
to time-delay measurements, angular lens model component, and
line-of-sight convergence of the TDCOSMO sample of 7 lenses.
Similar considerations apply to the future scenarios illus-
trated in Figs. 3 and 4, except for the precision that reaches 1.2-
1.5% by virtue of the larger samples. A significant component of
the error budget at the 1% level arises from the uncertainty in the
relative expansion history of the Universe (in our case the prior
on Ωm). It is encouraging that, thanks to the external datasets, we
can reach a similar precision to that forecasted by Shajib et al.
TDCOSMO-5%: H0 = 70.0+4.26.4 km s 1 Mpc 1
TDCOSMO + 50 (5%): H0 = 70.0+4.26.4 km s 1 Mpc 1
TDCOSMO + 50 IFU (5%): H0 = 70.0+2.12.0 km s 1 Mpc 1
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Fig. 2. Forecast precision on H0, the MST parameter λ and the
anisotropy parameter aani for different spectroscopic scenarios of the
7 TDCOSMO lenses (current scenario) observed with aperture spec-
troscopy of 5% precision as well as in that case where external data sets
are added, as specified in Table 1 (TDCOSMO-5% row). source
(2018). These authors broke the MST by assuming the mass pro-
file is a power-law. We break it with spatially resolved kinemat-
ics and external datasets.
5. Conclusions
We described two strategies to measure H0 with 2.5-3.5% preci-
sion with gravitational time delays while accounting for the un-
certainty introduced by the mass-sheet transformation. The first
is based on current samples of 7 time-delay lenses and exist-
ing technology and the second is based on adding 50 non-time-
delay lenses. The same strategies, applied to a future sample of
40 time-delay and 200 non-time-delay lenses, can achieve 1.2-
1.5% precision. The keys to achieving this precision are spatially
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40 TDCOSMO-5%: H0 = 70.0+4.37.0 km s 1 Mpc 1
40 TDCOSMO+O-IFU (5%): H0 = 70.0+1.41.3 km s 1 Mpc 1
40 TDCOSMO+AO-IFU (5%): H0 = 70.0+1.41.4 km s 1 Mpc 1
40 TDCOSMO+ELT-IFU (3%):H0 = 70.0+1.11.0 km s 1 Mpc 1
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Fig. 3. Forecast precision on H0, the MST parameter λ and the
anisotropy parameter aani for different spectroscopic scenarios of a fu-
ture sample of 40 TDCOSMO lenses (future scenario) as specified in
Table 1 in the row of TDCOSMO-5%. source
40 TDCOSMO-5%: H0 = 70.0+4.86.5 km s 1 Mpc 1
40 TDCOSMO + 200 (5%): H0 = 70.0+4.86.5 km s 1 Mpc 1
40 TDCOSMO + 200 IFU (5%): H0 = 70.0+0.90.9 km s 1 Mpc 1
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Fig. 4. Forecast precision on H0, the MST parameter λ and the
anisotropy parameter aani for different spectroscopic scenarios of a fu-
ture sample of 40 TDCOSMO lenses (future scenario) observed with
aperture spectroscopy of 5% precision and additional external data sets
specified in Table 1 in the row of TDCOSMO-5%. source
resolved kinematics and the inclusion of datasets of non-time-
delay lenses in a hierarchical framework.
These two strategies are not mutually exclusive and both
should be pursued. The TDCOSMO-only approach has the
advantage of not relying on the assumption of the time de-
lay and non-time-delay galaxies being drawn from the same
parent population. With this additional assumption, the TD-
COSMO+external approach allows for further improvement in
precision. The precision of each approach is sufficient to test
the mutual consistency among different samples while simul-
taneously fitting for H0. If verified, potentially with the exten-
sion of the hierarchical framework, the consistency will enable
the cosmological exploitation of larger samples of non-time de-
lay lenses that are expected to be discovered by future surveys
(Oguri & Marshall 2010).
Following our proposed strategies, time-delay cosmography
will be able to resolve in the near future the tension between
early and late universe probes at 3 − 5σ, without relying on as-
sumptions on the radial mass profile of lens galaxies to break the
mass sheet degeneracy.
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